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Abstract. We prove a general criterion to establisii existence and uniqueness of a short-time 
solution to an evolution equation involving "closed" sections of a vector bundle, generalizing a 
method used by Bryant and Xu [8] for studying the Laplacian flow in G'2-geometry. We apply 
this theorem in balanced geometry introducing a natural extension of the Calabi flow to the 
I balanced case. We show that this flow has always a unique short-time solution belonging to the 

. same Bott-Chern cohomology class of the initial balanced structure and that it preserves the 

, , ' Kahler condition. Finally we study explicitly the flow on the Iwasawa manifold. 
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1. Introduction 

The notion of balanced metric on a complex manifold has been introduced by Michelsohn in 
[25j . Given a complex manifold M"", a balanced metric (7 on M is a Hermitian metric whose 
fundamental 2-form ui satisfies 

(1.1) duj''-^ = 0; 

the pair (M, g) is called a balanced manifold. A balanced structure can be alternatively regarded 
as a closed positive real (n — l,n — l)-form ip (see section 12.21 below). Moreover, balanced 
structures are characterized by the property 

Aa/ = Agf = 2Adf 
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for every / G C°^{M,C) (see [I3]). An important feature of the balanced category is that, in 
the compact case, it is stable under modifications (see [3])- This means that a modification 
F: M — )• M of a compact balanced manifold always admits a balanced metric; in particular 
modifications of compact Kahler manifolds admit balanced metrics when they do not admit 
any Kahler metric. From the viewpoint of special connections, a Hermitian metric is balanced 
if and only all the canonical Hermitian connections (according to the definition introduced by 
Gauduchon in [15j ) have the same Ricci forms (see |17j). 

Balanced metrics are mainly interesting on compact manifolds non-admitting Kahler struc- 
tures. Nilmanifolds (or more generally solvmanifolds) provide examples of such spaces (see e.g. 
[H [M])- In particular, the Iwasawa manifold has balanced metrics and can be considered as a 
fundamental example. An important class of examples is given by 6-dimensional twistor spaces, 
since the canonical Hermitian metric of the twistor space of an anti-self-dual 4-dimensional Rie- 
mannian manifold is always balanced (see [25]) and by torus bundles over Riemannian surfaces. 
More examples of balanced manifolds have been obtained in [13] by considering conifold transi- 
tions of Calabi-Yau threefolds; these last examples include balanced structures on the connected 
sum of two or more copies of x S^. 

In this paper we focus on parabolic flows involving balanced metrics. Our idea consists in a 
generalization of the Calabi flow to the balanced case. The Calabi flow is an important flow in 
Kahler geometry which arises as the gradient flow of the Calabi functional 

Jm nl 

when it is restricted to the the Kahler cone of an initial Kahler metric cjq 

Cujo = {wo + iddct) >0 : (pe C'^{M,R)} 
where s^j is the scalar curvature of the metric w (see [9] ) . The flow has the following equation 



(1.2) 



The evolution equation (|1.2p can be alternatively rewritten in terms of positive (n — l,n— 1) 
forms as 



(1.3) 



^93(t) = idd *t {pt A *t'f{t)) 

(/?(0) = V3o , 



where pt is the Ricci form of ip{t) and = *ujqU}q. Flow (jl.Sp still makes sense in the balanced 
case when we replace pt with the Ricci form of the Chern connection. But it turns out that 
(jl.SP is not still parabolic when it is extended to the context of balanced metrics and because 
of this reason we modify of (jl.3p in the balanced case as follows. 

Let M be an n-dimensional complex manifold and (^o be a positive closed (n — 1, n — l)-form on 
M. We consider the following flow of balanced structures ip on M 



(1.4) 



|<^(t) = idd *t {pt A H^{t)) + {n- l)ABCV{t) 
dip{t) = 
^{0) = (fo , 



where 



Abc = ddd d* + d d*dd + d dd*d + d*dd d + d d + d*d 

is the modified Bott-Chern Laplacian and *t and pt are the Hodge operator and the Chern 
Ricci form induced by ip{t). The modified Bott-Chern Laplacian is an elliptic 4-order operator 
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whose kernel describes the Bott-Chern cohomology of a Hermitian manifold. The Bott-Chern 
cohomology is defined as 

and plays an important role in non-Kahler complex geometry. 

Flow (11. 4p can be seen as a flow of G-structures with torsion. Flows of this kind have been largely 
studied in the last few years (see for instance [SlTSlIllESllMlESlISgEOlEaiaaiMlE^ 
We will prove the following 

Theorem 1.1. The flow (jl.4p admits a unique solution in the Bott-Chern class of [(Pq] defined 
in a maximal interval [0,e). Moreover if the initial structure is Kdhler then ()1.4p reduces to the 
Calabi flow. 

It turns out that the flow (jl.4p is parabolic in a suitable sense when restricted to the space 
of balanced structures of a complex manifold. From this point of view (jl.4p is analogous to the 
Laplacian flow introduced by Bryant in in G2 geometry. Following the approach of Bryant- 
Xu in [8] we prove a general criterion to establish short-time existence and uniqueness of the 
solution of an evolution equation involving "closed " sections of a vector bundle (see theorem 
13.21 in section [3]). The proof of theorem 11.11 is then obtained as an application of our theorem 
[321 

In the last section of the paper we study the flow on the Iwasawa manifold computing an 
explicit solution. 

Acknowledgements. The authors would like to thank Carlo Mantegazza for useful conversations 
about parabolic equations on smooth manifolds and are very grateful to Enrico Priola for his 
fundamental help in understanding Hamilton's paper and to Valentino Tosatti for useful con- 
versations. Moreover the second author wishes to thank Frederik Witt who, during a useful an 
important conversation, observed a possible link between the flow considered in the paper and 
the Calabi flow. Finally, part of the work has been done during a visit of the first author to 
the University of Turin. The first author is grateful to the University and to the Politecnico of 
Turin for their hospitality. 

2. Preliminary features of balanced metrics 

2.1. Algebraic features. Consider on M^" the standard (linear) complex structure Jq and let 
be the set of Jo-positive (1, l)-forms. Every u E determines the Hermitian metric 

g{X,Y)=oj{X,JoY) 

and a Hodge "star" operator *: A''''^ — )• A"~'^'"~'' defined by 

.CO'' 



a A */3 = gia,^)- 



Note that 



*w = —UJ 



(n-\)\ 

Let £: ^n-i.n-i ^.j^g smooth map 

where we emphasise the dependence of * on the choice of the metric, and let 

be the set of positive (n— l,n— l)-forms. It is well known that £ is a diffeomorphism onto its 



image (see [25 
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Now let us fix w E A^""^. Then A-*^'^ splits as 
(2.1) A1'1 = Cw©AJ'^ 

where 

Aj'i = {a G A^'i : a A tj"^^ = 0} 
is the set of primitive (l,l)-forms. In the same way A""^'""-*^ sphts as 

where (p = *uj and 

^ ^ ^„_l,n-l . ^ ^ ^ ^ o| _ 

The following is an algebraic lemma which will be useful in the sequel. The proof is a straight- 
forward computation. 

Lemma 2.1. Let a be in Aq'^ , then for < k < n — 2 

In particular if h = hiUJ + /iq £ A"^'^, then 

[n — Ij! (n — 2)! 

2.2. Balanced structures on complex manifolds. Let M" be a complex manifold. We 
denote by A^''^ the bundle of complex forms of type (r, s) on M and by C°°{M, A^''^) the vector 
space of its smooth sections. 

Following the notation of the previous subsection, the following fiber bundles on M are nat- 
urally defined 

a1,1 »n— 1,71— 1 

A balanced structure on M is a global coclosed section lo of A^'^^^ , or, equivalently, is a closed 
section ip of A""^'*^"^. For the geometry of balanced manifolds we refer to [25} [2l [3l [T2 l [T3 l [STj [26] 
and the references therein. 

Remark 2.2. We remark that if the fundamental form u of a Hermitian metric g on an n- 
dimensional complex manifold satisfies do;^' = 0, for some k < n — 1, then oj is closed and g is 
a Kahler metric. Therefore from the point of view of the powers of u, the balanced condition 
is the unique possible generalization of the Kahler one. On the other hand, another important 
generalization of Kahler structures is given by SKT metrics which are defined as Hermitian 
structures whose fundamental form is 90-closed. As remarked in [U [11] balanced and SKT 
structures are two generalizations transverse to each other since a balanced structure is also 
SKT if and only if it is Kahler. 

2.3. The Chern connection. Given a Hermitian manifold {M,g,J), the Chern connection is 
defined as the unique Hermitian connection V whose torsion has vanishing (1, l)-component. 
This connection is canonical according to the terminology introduced by Gauduchon in [15] and 
has an important role in complex geometry. In the Kahler case it coincides with the Levi-Civita 
connection. The curvature tensor ii of V is defined as usual 

R{X, y, Z, W) = 5([Vx, Vy]Z, W) - g{V^x,Y]Z, W) . 

Moreover it is defined the Chern Ricci form 

2n 

p{X,Y) :=-Y,R{X,Y,Jek,ek) 

k=l 
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where {e^} is an arbitrary orthonormal frame. In complex notation we can write 

p = ipkidz'^ A dz^ 

where 

G being the determinant of the matrix gq = g{-^, Finally we denote by s = g^^ p^T the 

scalar curvature of V. 

2.4. Bott-Chern and Aeppli cohomology complexes. On a complex manifold (M, J) be- 
side the standard de Rham and Dolbeault theory, two more cohomology complexes are worth 
to be considered. The Bott-Chern cohomology groups are defined as 

, _ ker((i: C°°(M,AP'9) ^C°°(M,AP+'?+i^C)) 



Im(9a : C°°(M,AP-i''?-i) ^ C°°(M, Ap+^'^+I)) ' 
while the Aeppli cohomology groups are 



H'/{M) 



d {C°°{M, AP-i'?)) + d (C°°(M, AP'9-i)) 
see [5l dni m [27]. As in the case of de Rham cohomology groups, when M is compact, Bott- 
Chern and Aeppli cohomology groups are isomorphic to the kernel of suitable linear differential 
operators acting on forms. More precisely, as soon as a Hermitian metric is fixed on M we can 
define the modified Bott-Chern Laplacian (see |27j ) 

Abc = ddd*d* + d*d*dd + d*dd*d + d*dd*d + d*d + d*d , 

and the modified Aeppli Laplacian 

Aa := d*d*dd + ddd*d* + dd*dd* + dd*dd* + dd* + W* . 

They both are fourth order elliptic operators on C°°{M,AP''') and define a Hodge-like decom- 
position. We will need just the decomposition induced by A^. 

Theorem 2.3 ([2Z])- If {^i^g^J) is a compact Hermitian manifold then we have the following 
orthogonal decomposition for every (p, q) 

C°°(M, AP'"?) = ker © ( Im a + Imd) © Im (dd)* . 

The following proposition is an important step in the proof of theorem II. li 

Proposition 2.4. Let Ga be the Green operator associated to the modified Aeppli Laplacian. 
Then for every ip G dd C°°{M, AP''^) we have 

'ip = ddGA{ddyW- 
Proof. Let ^ G ddAP'^. Bearing in mind the Aeppli decomposition we can write 

-0 = ddp with /? G \iTi{ddy . 

In particular we have 
and consequently 
Thus finally 

i) = ddGA{dd)*i;, 

as required. □ 



AaP = {ddfddp 
/3 = GAmyddp) = GAiiddy^) 
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2.5. Families of balanced structures. Here we consider a smooth 1-parameter family (p in 
C°°(M, A""^'"""*^) and compute the derivative of *^pLp which will be useful when we will study 
flows of balanced structures. 

Lemma 2.5. Assume 



d 
dt 



—ip = hnp + *^ho 



whith hi G C°°(M,M) and ho e C°°(M, Ag'^). Then 



Proof. We can write 



^{*ip) = fi*(p + fo 



with fl G C°°(M,M) and fo G C~(M, Aq'"^). (Here and in the rest of the proof the symbol * 
will always stand for Recalling that 



(n — Ij! 



we can compute 



Using lemma [2TT] we get 

^p = (n - I) flip - *fo , 
hence ^ 

fl = 7^1 , fo = -ho , 

n — 1 

as required. □ 

3. Flows of closed sections of vector bundles 

The Laplacian flow has been introduced in [7] as a natural tool for studying closed G2- 
structures. In [8] Bryant and Xu proved that the solution to the Laplacian flow of G2-structures 
exists and is unique in a short interval of time. The proof of this result was obtained in ^ by 
the following two steps: 

the first step consists in applying a sort of De Turk's trick to the Laplacian flow in order to have 
a new flow which is parabolic along the direction of closed G2-structures and it is equivalent 
to the initial one; the second step consists in applying some analytic techniques introduced by 
Hamilton for studying parabolic equations in order to prove the result for the new flow. 

The aim of this section is to give a generalization of the second part of the Bryant-Xu proof 
mentioned above to the general case of a parabolic evolution equation associated to an operator 
acting on fiber bundles. 

3.1. Flows on compact manifolds. Let us consider the following 

Definition 3.1. A Hodge system on a manifold M consists of the following sequence 



(3.1) 



C°°{M,E.) C°°{M,E) 
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where and E are fiber bundles over M with an assigned metric along their fibers, D is a 
differential operator, D* is the formal adjoint of D and IS. £> is an elliptic operator such that 

(3.2) V = DGD*ij 
for every ij) G lm.D, where G is the Green operator of Af). 

We have the foremost example of Hodge system taking = A^, E = A^^^, D = d and 
Ao = dd* + d*d, the standard Laplace operator, on a compact Riemannian manifold. Condition 
(j3.2p in this case is a consequence of standard Hodge theory. 

Consider a Hodge system on a compact manifold M as in the previous definition. Let A be 
an open subset of E such that tt{A) = M, where tt: — )• M is the projection and assume to 
have a non-linear partial differential operator of order 2m 

L : C°°{M,A) C°°{M,E) 

and a fixed initial datum ipQ S C°°{M, A) such that 

(3.3) L{ipo + D-f) £lmD 

for every 7 S C^{M, E-). It will be convenient to think of L as extended in the trivial way to 
time-dependent sections of A. Then consider the evolution problem 



(3.4) 



95(0) = v^o , 



where the solution ip{t) is sought in the space 

U = {^o + D-f : 7 G C°°(M,^_)} nC°°(M,A) 

and is required to depend smoothly on time. Notice that problem ()3.4p makes sense because of 
condition ([331) • Let V'^'^{E,E) denote the space of partial differential operators on E of order 
< 2m. Recall that T)'^"'{E,E) can be seen as the space of smooth sections of a vector bundle 
(see e.g. |T9]) and that a linear partial differential operator Q of order 2m is said to be strongly 
elliptic if its principal symbol aQ{x,^) satisfies the following inequality 

-{aQ{x,ov,v)E>m'nvr 

for some positive constant A and for all (x, (,) £ TM, ^ 7^ and v £ E^ (The definition actually 
does not depend on the metric (•, ■)£ along the fibers of E). Here the principal symbol of Q is 
defined by 

aQ{x,0v = j:^Q{f''^n){x){2m)[ 

for an / G C°°(M) with f{x) = 0, d^f = ^ and u £ C°°(E) with u{x) = v. 
Now we can state the following: 

Theorem 3.2. Let (E^, E, D, A^) be a Hodge system on a compact Riemannian manifold M. 
Let L, ifo and U be as above. Assume that there exists a nonlinear partial differential operator 

L: C°°{M,A) ^V^"'{E,E), if ^ L^ 

such that 

1. L^ is strongly elliptic for every cp £ U; 

2. L^i^iij) = L^iip) for every if £ U and £ DC°^{M,E_). 
Assume further that 

L,\^{De) = Di^{e) . 

for every £ C°°{M,EJ), where l^ is a strongly elliptic linear differential operator on £'_. 
Then there exists e > such that the system (j3.4p has a unique solution (p £ C°°([0, e), C/). 



8 



LUCIO BEDULLI AND LUIGI VEZZONI 



3.2. The Laplacian flow for G2-structures. In order to clarify our notation, it is useful to 
describe the objects involved in proposition [22] in the case of the Laplacian flow for G2-structures 
studied in [8]. In the G2-case one has: 

A compact 7-manifold M admitting closed G2-forms. = A^, E = Iv^ 

D = d: C°^{M,A'^) ^C°^(M,A3), 

A is the open set of A^ whose global sections are G2-structures on M and ipo is a fixed closed 
section of A. Furthermore U is the set of G2-structures lying in the cohomology class of ipQ and 

L: C°^{M,A) C7°°(M,A3) 

is the operator 

L{(p) = A^ip + C^(^^)ip , 

where is the standard Hodge Laplacian operator of the metric induced by (p and is a 
suitable vector field depending on the torsion of ip. Finally 

= -A^ + d^>^ 

and 

where (p £ U and is a suitable algebraic linear operator with coefficients depending on the 
torsion of 99 in a universal way. 

Remark 3.3. In the same way the modified coflow of G2-structures considered in [18j can be 
described in terms of the general setting of theorem 13.21 

4. Proof of theorem 13.21 

We need some preliminaries about the function spaces that will be needed in the proof of 
theorem 13. 2[ 

4.1. Tame FVechet spaces and tame maps. Here we recall some basic facts about tame 
Prechet spaces and tame maps. For a detailed description of these topics we refer to [19j . 

A tame Frechet space is by definition a vector space V endowed with an increasing countable 
family of seminorms {| • The family {| • 1^} gives a topology on V by defining a sequence 
{xn} ^ y convergent if it converges in each seminorm. A continuous map F: {V,\-\n) ^ {W, | • |^) 
between two tame Frechet spaces is called tame if any x £ V has a neighborhood Ux such that 

\F{y)\'^<Cn{l + \y\n+r) 

for every y £ Ux and n > b. Here b,r and Cn are allowed to depend on the neighborhood. A 
differentiable map is called smooth tame if all its derivatives are tame maps. The next result is 
known in the literature as the Nash-Moser theorem. 

Theorem 4.1 (Nash-Moser). Let T , Q he tame Frechet spaces and letU he an open set of J- . 
Consider a smooth tame map F:U ^ Q such that the first variation of F, F^\^j: T ^ Q , is an 
isomorphism for every f £U and such that the map VF : lAxQ ^ F defined as VF{f, g) = P^\j9 
is smooth tame. Then F is locally invertihle with local inverses smooth tame. 
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4.2. Tame Prechet spaces and sections of fibre bundles. Here we introduce the tame 
Frechet spaces we want to consider. Let M be a compact manifold and let vr: — t- M be a 
vector bundle over M with a metric along its fibres. Then the space C°°{M, E) of global smooth 
sections of E inherits a natural structure of tame Frechet space defining \e\n as the norm of e 
and its covariant derivatives up to degree n. Fix now a real number T > and consider the space 
of time-dependent partial differential operators P: C°°{M x [^,T],E) C°°{M x [Q,T],E) of 
degree less than or equal to r. This space is tame Frechet with respect to the grading 

\[P]\n=Y.^{d/dtyP]n-,r 

jr<n 

where is the sup of the norm of P and its space derivatives up to degree n. 

Furthermore the space C°°{[0, T] x M, E) of curves of smooth sections of ii^ is a tame Frechet 
space with respect to the grading 

(4.1) \\e\\n=Y,\{d/dtye\n-jr. 

jr<n 

where for every time-dependent section f of E we put 

i/in= riMidt 

Jo 

and ft G C°°{M, E) is defined by /t(x) = /(t, x). Now we are ready to prove theorem 
Proof of theorem 13.21 Let us put 

U = {l3e DC^{M X [0,r], E_) : ipo + /3(t) G U for every t £ [0,T]} 
and consider the evolution problem 



(4.2) 



|/3 = L(v.o + /3) 
/3(0)=0. 



If /3 is a solution of (|4.2p then if = ipQ + /3 is a solution of (j3.4p . 
Let us consider the map 

F:U ^ C°°{M X [0,T],E) x DC'^{M,E_ 

defined by 

i^(/3)= (^/3-L(v.o + /3),/3(0) 

The proof mainly consists in the application of the Nash-Moser inverse theorem to F. 
The derivative of F at /3 is the linear map Ft,\p: T ^ Q given by 



- L,|^„+^(V'),^(0) 



where 

T = DC^{M X [0,r],E_) 

and 

g = F >c DC^{M,E-) . 

In order to apply the Nash-Moser theorem, we have to show that the spaces F and Q are 
tame Frechet with respect to the gradings || • \\n and ||'||n + |'|n; respectively. Here is where 
condition (|3.2p plays a role. Indeed, the Green map G of A/) is smooth tame in view of theorem 
3.3.3 of [19] and then is a direct summand of C°°{M x [0, T],i?_) which is a tame Frechet 
space with respect to || • \\n- Therefore is a tame Frechet space being a direct summand of a 
tame Frechet space (see [191 lemma 1.3.3, p. 136]). The same argument can be used to show 
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that DC°°{M, E-) is a tame Frechet space with respect to | • | which imphes that || • Ik + 1 " U) 
is tame Frechet. 

Moreover, F^\p is bijective for every (3 £U . This can be showed as follows: 
Equation F^,\p[tjj) = (0,0) is equivalent to 

By hypothesis L^|^g_^^ is the restriction of the strongly elliptic operator L^p^^j^p on C°°{M,E) 
and therefore for every /3 the only solution of the last system is ■0 = by uniqueness of solutions 
to linear parabolic systems. 

Now we show that is surjective. Equation = (X)Xo) can be written as 

\ V'(O) = Xo • 



(4.3) 



We can write ip = DO and x = D-q^ xo = so that system (14. 3p writes as 

\ D9{0) = D7]o. 
Using hypothesis 3, this may be written as 

r d_D9 - Dl^,+pi9) = Drj 

\ D0iO) = D7]o. 
Since /(^o+/3 is by hypothesis strongly elliptic, the system 

has a unique solution for every 779. This implies that is surjective. 
The next step consists in showing that the family of the inverses 

VF: Uxg ^F 

defined as 

m/3,X,Xo) = i^^^'(x,Xo) 
is a smooth tame map. Let (x^Xo) £ then i^~^(X)Xo) is the unique solution to (j4.3p . Since 
equation (|4.3p is parabolic we have 

VF{(3, X, Xo) = S{L^^-,+|3, X, Xo) 

for a map S which is tame in the gradings || • ||n + | • | on (x^Xo) and |[-]|„ on This fact 

is again a consequence of the ellipticity of L and will be proved in the next section. 
Now we can write 

VF = So{LoixU) 

where i is the translation U ^ C°°{M x [Q,T],A): /3 1-^ cpo + f3 and Id : ^ ^ is the identity. 
Hence VF is a smooth tame map since it is a composition of smooth tame maps. Now we can 
apply the Nash-Moser theorem to F obtaining that F is a locally invertible map whose local 
inverse is also a smooth tame map. This implies that if equation 

('|/3-L((^o + /3) = X 

I m = h 
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has a solution /3 gU, then for every {x, f^o) sufficiently close to (X)/3o) the equation 

1/3 - L((^o + /3) = X 

has a unique solution (3 Gli. Now let us solve formally for the derivative ■^f3{0) by differenti- 
ating through the equation. Let /3(t) be an element of U whose Taylor series expansion at t = 
is given by ^/3(0). Such a (3 exists in view of a classical theorem of Borel (see e.g. [21], page 
16). Then 

has trivial Taylor series at t = 0. Because of this fact x can be extended smoothly to 
backward in time. Hence by translating x in t we can find a map x arbitrarily close to x 
vanishing in a small neighborhood of 0. In view of the Nash-Moser theorem there exists a solution 
/3: [0,e) DC°°(M,£;„i) to (g^])- Hence for t smafi enough ip{t) = ipo + f3{t) is a solution to 
(I33D. Finally, if e is fixed, then (g^]) has at most one solution /3: [0,e) DC°°{M,E_i) and 
system (|3.4p has a unique solution defined in a maximal interval. □ 



4.3. Tame smoothness of families of solutions. Let M be a compact manifold and let 
E he a smooth vector bundle over M. Let P: C°°{M x [0,T],E) C°°{M x [0,r],£') be 
a smooth family of strongly elliptic partial differential operators of order 2m involving only 
space derivatives whose coefficients are smooth functions of both space and time. Consider the 
parabolic equation 

(4.4) y = P{f) + h. 

where /i is a smooth section of E depending on t. It is well known that equation (|4.4|) has a 
unique solution / G C°°(M x [0,T],£') having initial condition /o at t = 0: we denote it by 

f = s{p,Kh). 

The goal of this section is to justify the following proposition which plays a major role in the 
proof of theorem 13.21 

Proposition 4.2. Let f = 5(P, /i,/o) be the solution of equation (j4.4p having initial condition 
/o at t = 0. In the open set where P is strongly elliptic the solution S is a smooth tame map in 
the gradings \\ ■ ||„ on f, h and | • |„ on /q and on P. 

For m = 1, proposition 14.21 is a consequence of theorem 6.2 of [20] (see also [8]). For m > 1 
things work much in the same way and the proof can be obtained combining the standard theory 
of parabolic equations with some devices described in |19j . Anyway, for reader's convenience, 
we write down some details in order to show how things work, following the Hamilton's proof 
of theorem 6 of [20j . 

The starting point is the following standard a priori estimate for the solution of the evolution 
equation ()4.4p (see for example [22] for the scalar case). 



Theorem 4.3. If f = S{P, h, /o) there exists a constant C depending on P such that 

\f\2m<C{\h\o + \foU) . 

Fix now an elliptic operator P and consider the operators P in a neighborhood [P — P]o < 6. 
If > is small enough then P is again strongly elliptic. 
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Lemma 4.4. If 6 > is small enough, then for all P such that [P — P]q < 5 the solution of 
()4.4p satisfies the estimates 

\f\2m<C{\h\o + \fo\m) 

for a constant C independent of P. 

Proof. If / = S{P^ h, fo), then / is also a solution of the evolution equation 

U,g = Pg+{P-P)f + h 
[giO) = fo 

Applying theorem 14.31 to the fixed operator P we have 

l/bm <C (|(P - P)f + h\o + \fo[m) <C{\{P- P)f\o + \h\o + |/oU) 
<C([P-P]o|/U+|/l|o + |/o|m) 

which implies the result. □ 

Lemma 4.5. For all solutions f = S{P,h,fQ) with P in the 5 -neighborhood above and every 
k > there exists a constant C such that 

\f\k+2m<C{\h\k + \fo\ k+m 

) + C[P]k (|/l|o + |/o|m.) ■ 

Proof. The proposition is obtained by induction on k. The starting step A; = is 

\f\2m < {C + C[P]o){\h\o + \fo\m) 

which is ensured by lemma 14.41 Assume that the estimate holds up to some k and let / be a 
solution to (|4.4p with initial condition /o at i = 0. We will let denote the sum over a finite 
number of vector fields which span the tangent space at each point of M. This is possible since 
M is supposed to be compact. Now choosing an arbitrary connection V on E we have 

k+2m + \f\k +2m 

V 

<C J] |V„/U+2m + C {\h\k + l/olfc+m) + C [P]k {\h\o + \fo\m) 

V 

fc+2m+l k+l+m) 

V 

+ C[P]fc+i(|/i|o + |/ok) . 

Therefore in order to prove the statement, we need to estimate the space derivatives of /. For 
every vector field v, the section V„/ gives the solution to the parabolic evolution equation 

iig = P9+{VvP)f + Vvh 
[9(0) = V„/o 

and by the inductive assumption we have 

\VJ\k+2m < C {\{V,P)f + V„h\k + \'^vfo\k+m) + C [P]k {\{V ,P) f + V ,h\o + \V , fo\m) • 

Using the following interpolation estimates 

|(V,P)/U < C([P]i|/U+2^ + [Plfc+il/bm) ; 
[P]i[P]k<C[P]o[P]k+i<C[P]k+i; 

[P]k{\h\l + \fo[m+l) < C[P]k+i{\h\o + |/o|„,) + C[PU\h\k+l + \fo\k+m+l); 
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we reduce to 

(4.5) \V,f\k+2m < C{[P]i\f\k+2m. + [P]k+l\f\2m + \h\k+l + |/o|fc+m,+l 

+ [P]k+i\f\o + [P]k+i{\h\o + \hU)). 

On the other hand taking the inductive assumption on /, multiplying by [P]i and using again 
interpolation we have 

(4.6) [P]l\f\k+2m < C[P]i{\h\k + \Mk+m) + C[P]fc+l (|/l|o + \Mm)) • 

By interpolation we have 

[PUlhlk + \Mk+m) < C[PU\h\k+l + l/oU+m+l) + C[P]k+l{\h\o + l/oU) , 

therefore (|4.6p reduces to 

[P]l\f\k+2m <C[PU\h\k+i + \Mk+m+l) + C[P]k+i {\h\o + l/oU) 
<C{\h\k+l + l/olfe+m+l) + C[P]k+l {\h\o + \fo\m) 

which yields an estimate for the first terms of the right hand side of (|4.5p . The second term 
[P]A:+i|/|2m is readily estimated by means of 

[P]k+l\f\2m < C[P]fe+i(|/i|o + |/oU). 

Therefore 

\'^vf\k+2m<C{\h\k+l + \M k+m+1 + [P]k+imO + \fo[m)) 

and the claim follows. □ 

The last step is the estimate for time derivatives. 

Lemma 4.6. For all solutions f = 5(P, /i, /o) with P in the 6 -neighborhood above and every 
k >0 there exists a constant C such that 

\\f\\k+2m<Ci\\hU + \Mk+m)+C\[P]\k{\\h\\o + \fo\k) ■ 

Proof. We will estimate the quantity \{d / dty f\k+2m-2mj by induction on j. For j = we can 
use lemma 14.51 Assume then to have up to some j 

\{d/dtyf\k+2m-2mj < C {\{d / dty h\k_2mj + \{d/dtyMk+m-2mj) + C\[PM\ho\ + i/oli). 
Now 

\{d/dty+'f\k-2mj = \{d/dty{Pf + h)\k.2mj 

and by interpolation we get 

\{d/dty+'f\k-2m.j < C{[{d/dtyP]k^2m.j\f\k-2mj+2m 

+ [P]k-2rnj\{d/dtyf\k-2mj+2m + \{d / Oty h\k-2mj) , 

which implies the statement. □ 



5. Proof of theorem 11.11 
We apply theorem 13.21 to the Hodge system we describe below. We consider 

jj, An-2,n-2 D=idd „ n-l.n-1 

where A^'^ is the bundle of real {p, p)-forms; the subset U is the set of smooth sections of A" ^ 
lying in the same cohomology class as ipo and 

L: C7~(M,A!^-^'"-^) ^ C7~(M, A^"^'""^) 

is the operator 

L{ip) = idd * (p A *ip) + (n — 1)Abc{'p) ■ 
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We prove that for every closed in C°°(M,A:^-''"-') and every closed in C~(M, A^"''""') 
we have 

(5.1) L.^^ii;) = {1 - n) ABci^ + idd^^W 

where is a linear algebraic operator on ^ with coefficients depending on the torsion of in a 
universal way. In particular this shows that is the restriction of a strongly elliptic operator 
to closed (n — l,n — l)-forms, since it has the same symbol as (1 — n)ABc which is strongly 
elliptic. 

As recalled in section 12. 3| the curvature form p of the Chern connection of a Hermitian 
manifold {M,uj, J) may be locally written as p = ipf^fdz^ A dz^ where 

^.r=-^iog(G), 

G being the determinant of the matrix g = g^j. In the following a will denote the derivative 
with respect to time of the tensor a. 

Lemma 5.1. The derivative of p is 

p = —idd (w, Co) 

where (•,•) denotes the pointwise scalar product of (1,1) -forms. 
Proof. Using 

d 

— detg = (detg) tr {g~^g) 

we get 

Now it is enough to observe that 

tr [g'^g] = g'^gfj = (w,a;) . 

□ 

We write the operator L as 

L = P + Q 

where 

P{ip) = idd * (p A *ip) , Q{ip) = {n- 1)Abc(<^) 
and compute the first derivative of P and Q separately. Let il) = be a tangent vector to U 
at if. Then we can write 

ip = hiip + */io 

where hi is a smooth function on M and /iq is a section of Aq ^. Note that 

hi = -{u),Lo) = -{^,ip) . 
n n 

The derivative of P is now obtained using lemma ISTTl 

= -P*|^(?/') = idd * {p A *(^) + idd^i{ip) = ndd * {ddhi a *^) + idd<^>i{i;) , 

where $i is an algebraic operator depending on in a universal way. 
As for the derivative of Q, using lemma [231 we have 

Q*\^W = Q*\^{hw + */io) = -dd * {ddhi A*^+{1- n)ddho) + idd<^2W , 

for a suitable linear zeroth order operator $2. 
Summing up we have 

L*\^W = {n- l)dd* {ddhi A*ip + ddho) + idd^iit/;) + idd^2W ■ 
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On the other hand using that ■0 is closed we have 

{ABc)^i^=ddd*d*ij = ddd*d*{hiy, + *ho) 

= -dd* {ddhi A*^ + ddho) + idd^siip) 

and therefore 

L,\^iiP) = -{n- l){ABc)viJ + idd%{i;) 
where $^ = + ^2 — ;5^^3- Hence equation (j5.ip is estabhshed. In order to verify the last 
hypothesis of theorem 13.21 let us consider 

where is the modified Aeppli Laplacian defined in section 12. 4[ Here it is enough to recall 
that — is strongly elliptic and AsciddO) = dd (AaO) for every form 6. 

The last step of the proof consists in showing that if fo is the {n — 1, n — l)-positive form of 
a Kalher structure, then the solution (pQ + f3{t) to ()1.4p corresponds to a family of Kahler forms 
Lj{t) solving the Calabi flow. 

Let (M, J,ujq) be a compact Kahler manifold and let uj{t) be a solution to the Calabi flow 



(5.2) 



^ooit) = iddst 
c<j(0) = Wo 



where st is the scalar curvature of metric ijj{t). Since in the Kahler case the Levi-Civita and the 
Chern connection coincide, we can consider s as the scalar curvature of the Chern connection. 
Let ip{t) = *tuj{t) = j^io{t)''. Then 

d Id, _ 1 f d \ ^ , .n-2 



and using ()5.2p we get 

d 1 / N 

UJ 



dV (n-2)! 

Lemma 5.2. Let (M, J, u) be a Kahler manifold. Then the following identity holds 

, ^ [idd s) A a;"-2 = idd * (p A *v9) , 
(n — 2)! ' 

where ip = and s and p are the scalar curvature and the Ricci form, respectively. 

Proof. The proof of this lemma is a straightforward computation taking into account that p and 
OJ are closed. Indeed 

dd * {p A *ip) = dd* ^— cu^ + po Au?j , 

where we have written p = ^lo + po according to the decomposition (j2.ip . Using lemma [2Tl the 
closure of to and the formula 

= — ■ U! 

(n-2)! 

we have 



dd*{pA *ip) = " dds A ^ - - — ^—-.ddpQ A uj . 
n[n — 2)1 (n — 3)1 



Moreover, taking into account that p is closed, we get 



and therefore 



ddipo) = —dd (— UJ 



dd*{pA *v3) = —^—rdds A uj""-^ 
[n — 2)1 
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as required. □ 

Now we can conclude the proof of theorem 11.11 showing that if uj{t) is a solution of (|5.2p . then 
the corresponding (p{t) solves (|1.4p . In view of lemma [5^ f{t) satisfies 

-f-y? = idd * (p A *(p) 
at 

and since uj{t) is closed, we have Abc^ = and {p{t) in particular satisfies 

—If = idd * {p A *(p) + {n — 1)Abc^ ■ 
Hence (p solves (II. 4p and the statement follows from the uniqueness of solutions. 

6. The flow on the Iwasawa manifold 

In this section we study flow (jl.4p in the case of the Iwasawa manifold. 
The Iwasawa manifold is the compact complex manifold defined as the quotient 

M = H3(C)/r 

where H3(C) is the 3-dimensional complex Heisenberg group 

1 

H := <( I 1 \ ■ z"" ^C,k = \X'i 








and r is the co-compact lattice 



1 Z2 N 

r := < I 1 zM G H : G Z©iZ,/c = 1,2,3 

(see e.g. [1]). We denote by J the natural complex structure on M induced by H3(C) and we 
set 

= dz}^ , o? = dz^ , = —dz^ + z^dz^ . 
Then {a^,a^,a^} is a global (1, 0)-coframe satisfying the structure equations 

da^ = da^ = , da^ = A . 

It is immediate to verify that every left-invariant Hermitian metric on (M, J) is balanced. 

Let us study flow ()1.4p with initial condition 

ujo = ia^^ + ia^^ + ia^^ . 

(Here we adopt the notation q^^^— = A A A . . .) . Since ()1.4p is invariant by biholomor- 
phisms and is left-invariant, the solution Lo[t) to the flow has to be left-invariant. On the 
other hand, from |35j it follows that a left-invariant Hermitian metric on a 2-step nilmanifold 
has always vanishing Ricci form. Therefore in this case the flow ()1.4p reduces to 

Uf = 2ABC^ 

\¥P(0) = \u:l 

which can be alternatively rewritten in term of 2-forms as 



•1) 




Wo 



ii^ denoting the contraction along cj. We seek for a solution to the flow taking the following 
diagonal expression 

1 T • 22 ■ 3*^ 

Lo = igia + ig2 a + ig^ a 
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where gi,g2,93 are real numbers depending smoothly on t. Now, 

^BC^^ = —dd * dd * (w^) = —2dd * ddu 

and since 

o"o • 1122 1122 ■ 93 33 

ooui = —ig^a , *a = —i a 

9x92 

we have 

9i92 9192 

Since 

f A. «1^22^ ^ _iA^^n _ id 22 , , si „33 



V5152 y 9152 ffI52 5152 



then system (|6.ip reads as 




with initial condition 

5i(0) =52(0)= 53(0) = 1 

This last system has the solution 



1 



51 (t) = 52(t) = v^l-et, 53(i) = 



and 

uit) = v^l - 6i a" + v^l - 6t a^^ + a 

solves (16.11). 



So this is an example where the flow admits an ancient non-eternal solution diverging for 
t — )■ —DO. 
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